We treat the problem of defining, and characterising in a practical way, an appropriate class of distinguished curves for Poincaré-Einstein manifolds, and other conformally singular geometries. These "generalised geodesics" agree with geodesics away from the conformal singularity set and are shown to satisfy natural "boundary conditions" at points where they meet or cross the metric singularity set. We also characterise when they coincide with conformal circles. In the case of (Poincaré-)Einstein manifolds, we are able to provide a very general theory of first integrals for these distinguished curves. As well as the general procedure outlined, a specific example is given.
Introduction
Geodesics and other distinguished curves play a basic and essential role in differential geometry and its applications [1, 14, 21, 24, 31] The determination and study of these can be enormously simplified if one has a available curve first integrals [1, 6, 14, 25, 29, 8] . Certain conformally singular geometries such as Poincaré-Einstein manifolds have proved to have a central place in mathematical physics, geometric scattering, the AdS/CFT correspondence of physics, as well as in conformal geometry itself [10, 22, 32, 11, 12, 20, 27] . It is thus important to study the distinguished curves, and their possible first integrals, for such geometries. However classical theory is not directly applicable, as for these structures there is only a well-defined metric on a dense open subset of the geometry.
We recall the notion of a conformally compact manifold. LetM be the interior of a n-manifold with boundary M. So M =M ∪ ∂ M and the boundary ∂ M has dimension n − 1. The metricg on the interiorM of M is said to be conformally compact if g = u −2 g where g is a metric on M (and so is nondegenerate up to ∂ M) and u is a defining function for ∂ M, i.e. the zero locus Z(u) of u is exactly the boundary, so Z(u) = ∂ M, and du 0 at all points of ∂ M. If in additiong is Einstein, then M is said to be Poincaré-Einstein. In Riemannian signature a Poincaré-Einstein manifold is necessarily of negative scalar curvature, and more generally this condition on the curvature holds asymptotically for conformally compact manifolds as defined here. There are variations of these statements for metrics of other signatures. There is also a suitable notion of conformal conformally compact for the case of zero scalar curvature. These and the related constraints, may all be understood as special cases of the notion of an almost (pseudo-)Riemannian manifold given in Definition 1. See [7] .
Note that for conformally compact manifolds a first problem is to describe the right classes of distinguished curves. The usual geodesic equation is only applicable away from the singularity of the metric. However because the metric is singular in a conformal way, the entire manifold M has a well-defined conformal structure [g] . This means that conformal circles, as defined in [33, 28, 13, 2, 30] are well-defined and can play an important role. However in some senses conformal circles provide a class of curves that is in a sense "too large". It requires a point, velocity, and acceleration, at that point, to determine a conformal circle.
A second problem is to treat first integrals. Suppose that one understands that, on a conformally compact manifold, a certain class of unparametrised geodesics meet the boundary. Then can these sometimes be understood, or at least simplified using first integrals? The problem now is that geodesic first integrals are related to the existence of so called Killing tensors [29] , but the Killing tensor equation is not conformally invariant and is also not well defined where the metric is conformally singular. Thus the standard theory is insufficient.
The aim of this short note is to attack and, to a considerable extent treat, these problems. We first recall some recent advances in the treatment of conformal circles, and the construction of conserved quantities for these. This is done in Sections 3 and 6 respectively, see especially Theorem 1, and follows [19] . That source provides a new definition of conformal circles that is especially useful for constructing the corresponding first integrals, and also provides a rather general theory of the latter. That new machinery is then used here to understand the links between conformal circles and geodesics. This leads us to a way to define a class of distinguished curves for conformally compact manifolds and their generalisations. The result is that for a large class of conformally singular geometries we provide a distinguished curve equation that is well defined at all points and specialises to exactly the usual unparametrised geodesic equation at points where the metric is non-singular, see Definition 2. The situation is especially beautiful and simple in the case of Einstein and Poincaré-Einstein manifolds, and in those settings we explain how to use conformal geometry to construct first integrals for these distinguished curves.
In more detail the main results are then as follows: Theorem 2 gives the "conformal characterisation" of metric geodesics that leads to the definition of generalised geodesics in definition 2. Proposition 2 then shows that the generalised geodesics extend geodesics. Proposition 3 shows that in the case of conformally compact manifolds the generalised geodesics with interior points and that meet the boundary must meet it orthogonally. Theorem 3 gives a characterisation of (Poincaré-)Einstein manifolds as an agreement between (generalised) geodesics and conformal circles. This then leads to a main application, namely that all the machinery from [19] for proliferating first integrals of conformal circles may be applied (by specialisation) to provide first integrals of the (generalised) geodesics of (Poincaré-)Einstein manifolds. This is taken up briefly in Section 6. Some remarks on the notation and conventions used in this paper are in order. We work on a (pseudo-)Riemannian or conformal manifold of dimension n ≥ 3. We will always assume that our manifold is connected. The Riemannian or conformal structure is allowed to have any signature (p, q), although some aspects of the paper will only be relevant when the signature is strictly pseudo-Riemannian (namely pq 0). We will use Penrose's abstract index notation [26] for sections of vector bundles. In this notation, lower case Latin indices are used to indicate the type of a section of a tensor bundle in the following way. The tangent bundle is denoted by E a and the cotangent bundle is denoted by E b . Tensor products are then denoted by an appropriate combination of indices. So for example, v a is a vector field, ω bcd is a 3-form, and T a b is an endomorphism of the tangent (or cotangent) bundle. The notation E is used for the trivial bundle, so that Γ(E) = C ∞ (M). Square brackets around indices denotes the completely anti-symmetric part of the given tensor, and round brackets around indices denotes the completely symmetric part. Given a vector bundle V, Λ k V will denote the subbundle of ⊗ k V consisting of the totally anti-symmetric tensors. Similarly, S ℓ V denotes the subbundle of totally symmetric tensors. Finally we will occasionally employ a somewhat informal "wedge" notation for convenience. If S a 1 ···a k ∈ Γ(Λ k V) and T b 1 ···b ℓ ∈ Γ(Λ ℓ V), we define
All objects and functions are assumed smooth (C ∞ ).
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Conformal geometry and conformal tractor calculus
We review the basic theory of conformal tractor calculus that will be required for our purposes. Conformal density bundles are a family of line bundles which arise naturally in conformal geometry. Recall that any manifold M is equipped with the oriented line bundle K := (Λ n T M) 2 . Conformal density bundles are then various roots of this bundle. For w ∈ R, let
Given a vector bundle V,
The conformal structure (M, c) determines a distinguished section of E (ab) [2] which we denote g ab and call the conformal metric. This section is characterised by the fact that any choice of metric g in the conformal class may be realised as g = σ −2 g g for some σ g ∈ Γ(E + [1]) depending on g. Conversely, given a nonvanishing 1-density σ ∈ Γ(E + [1]), g := σ −2 g is a metric in the conformal class. In light of this bijective correspondence between metrics in the conformal class and sections of the bundle E + [1], we call sections of this bundle scales, and will often refer to a choice of metric to facilitate computations as a choice of scale. We shall use g to raise and lower indices on a conformal manifold. This is very similar to the way that the Riemannian metric is used, since the conformal metric is preserved by any Levi-Civita connection from the conformal class. There is however the small caveat that raising and lowering indices via the conformal metric and its inverse does change the weight of the section on which it acts:
There are many ways to realise the standard conformal tractor bundle; here we shall present one that has the advantage of introducing an equation we will use again later.
It is a well-known fact that the following equation is conformally invariant
where σ ∈ E[1] is a conformal density. This equation will be called the Almost-Einstein equation (A.E.), since a solution σ defines an Einstein metric everywhere σ 0. The above equation may be prolonged to give an equivalent first order closed system; see [7] for a more detailed description of this process. The prolongation moreover yields a linear connection on a certain vector bundle. The solutions of the A.E. equation are in bijective correspondence with sections of this vector bundle which are parallel for this connection. This vector bundle is the tractor bundle, denoted T and the connection is the tractor connection, denoted simply ∇ or sometimes ∇ T to avoid ambiguity. A choice of metric g ∈ c in the conformal class induces an isomorphism
In terms of this, the connection acts as
where we are again using a choice of metric to explicitly write down the formula. The tractor bundle also comes equipped with a symmetric non-degenerate bilinear form, defined by
In abstract indices, tractors will be denoted with upper case Latin indices. Hence the tractor metric will be written h AB and is a section of E (AB) . The tractor metric identifies E A , the tractor bundle, with its dual E A .
There is a conformally-invariant bundle map E[−1] ֒→ T . We denote this map by X and refer to it as the canonical tractor or position tractor. It plays a central role in our characterisation of conformal circles. The map X may be thought of as a section of E A [1] . Raising the tractor index via the tractor metric, we obtain a section X A ∈ Γ(E A [1] ), which coincides with the conformally invariant projection
This idea can be extended to give a convenient notation for working with tractors. We have already seen that there is a map which inserts the subbundle E[−1] into the tractor bundle. Given a choice of scale there are corresponding sections mapping the other two slots into the triple. We emphasise these are not conformally invariant. For
). The final element of the standard theory of tractor calculus we shall require is the second order differential operator D : E[1] → T such that ∇ T a D A σ = 0 if, and only if, σ solves the A.E. equation (4) . It is a way of encoding a choice of scale in a tractor. In a choice of scale and using the tractor projector notation of the introduced in the previous paragraph, one has
where J is the conformal metric trace of the Schouten tensor of g. We say that a tractor
The canonical tractor X A mentioned previously recovers the section σ from such a scale tractor. Explicitly, X A D A σ = σ.
Distinguished curves in conformal geometry
For us, a curve will be a smooth, regular map γ : I → M, where I ⊂ R is an interval. The distinguished curves of a conformal manifold are divided into two classes: the null geodesics (if the manifold is strictly pseudo-Riemannian) and the (necessarily non-null) conformal circles.
We recall here the main results that we will require from [19] . Rather than working directly with the velocity and acceleration of the curve, it turns out to be more natural to work with weighted versions of these. These are constructed as follows. The velocity u a of the curve γ determines a scale σ u ∈ Γ(E + [1]| γ ) along the curve via
Using this, we define the weighted velocity, u a ∈ Γ(T γ[−1]) by u a := σ −1 u u a . This weighted velocity does not depend on the parametrisation of the curve. Moreover, we define the weighted version of the acceleration, a b ∈ Γ(T γ[−2]) by a b := u a ∇ a u b . Note that the while weighted velocity is conformally invariant, the weighted acceleration is not.
The original conformal circle equation is a second-order ODE in the velocity of the curve; see e.g. [2] . With the above definitions, we can give an equivalent presentation of the conformal circle equation, which is essentially a weighted version of equation (7) from [2] . Lemma 1. Let γ be an oriented nowhere-null curve on (M, c). Then γ is a conformal circle if and only if its weighted velocity u a and acceleration a a satisfy the conformally invariant equation
or equivalently,
for any g ∈ c with Levi-Civita connection ∇.
Proof. See [19] .
The previous lemma may be reformulated in terms of tractors, using a moving incidence relation; this is a main result from [19] for conformal circles. 
For a given oriented conformal circle γ the 3-tractor Σ γ satisfying (12) is unique up to multiplication by a positive constant, and unique if we specify |Σ γ | 2 = −1 when γ is spacelike, or |Σ γ | 2 = 1 when γ is timelike.
Proof. We sketch here the proof, but for details see [19] . First, following [3] , for a non-null curve γ, we define the velocity tractor and acceleration tractor respectively by
These are conformally invariant by construction. But they are not parametrisation independent. Then form
This is parametrisation independent and conformally invariant. Moreover it is parallel along γ if, and only if, (11) holds. Now if Σ ∈ Γ(Λ 3 T ) takes the form (14), then X ∧ Σ = 0. On the other hand, if Σ ∈ Γ(Λ 3 T ) is parallel along the curve and satisfies X ∧ Σ = 0, then Σ must take the form (14) . This completes the proof.
We wish to remark here that the velocity and acceleration tractors, and therefore the 3-tractor Σ as defined above, can be defined for any non-null curve γ; one does not require that the curve is a conformal circle. Thus Σ is a fundamental conformal invariant of such unparametrised curves. This observation will be relevant when we consider the distinguished curves of Riemannian geometry in the following section.
We shall also require the derivative of such a Σ along the curve, and so we record that formula here for later reference:
As a consequence, we obtain a parametrisation-independent version of Proposition 3.3 from [2] . Proposition 1. Let (M, c) be a conformal manifold and γ a non-null, oriented curve in M. Then γ is an unparametrised conformal circle if, and only if, γ is an unparametrised geodesic for some metric in the conformal class and u a P a b ∝ u b , where P is the Schouten tensor for the given metric.
Proof. First, suppose that γ is a conformal circle. Locally, there exists a metric in the conformal class for which γ is an affine geodesic [2] . (A proof of this fact was sent to us in a private communication from Michael Eastwood. It will appear a forthcoming article of his with Lenka Zalabová [9] .) Let σ be the scale corresponding to this metric. Now, working in the scale σ, (15) becomes
where P d c is the Schouten for this metric. But since γ is a conformal circle, the left side of the previous display must be zero by Theorem 1. Hence u d P d c ∝ u c .
Conversely, if there is a scale in the conformal class for which γ is a geodesic, then working in the assumed scale, a ∝ u and hence (15) will again take the form (16) . Hence if u d P d c ∝ u c then u d ∇ d Σ ABC = 0, and so γ is a conformal circle by Theorem 1.
Metric geodesics via conformal tractor machinery
Here we give first a characterisation of geodesics that, in its nature, is "as conformal as possible" and which also clarifies the relation between geodesics and conformal circles. We have already noted that the section Σ ∈ Γ(Λ 3 T | γ ) from display (14) , and defined by
, is determined by any non-null unparametrised curve γ in a conformal manifold. While initially defined and used in our work characterising conformal circles, the following theorem shows that this 3-tractor also turns out to provide a way to characterise Riemannian distinguished curves. Proof. Suppose that γ is an unparametrised geodesic for g. Then we may form Σ ABC . Let σ be the scale determined by g, i.e. g = σ −2 g, and let I := 1 n Dσ. Then, working in the scale σ, we have that ∇σ = 0 (see e.g. [7] ) and so I A = σY A + ρX A , for some ρ ∈ E[−1] whose explicit form will not be needed. Then
Note that in the scale σ, a c = σ −2 a c and u c = σ −1 u b , and hence u ∝ a if, and only if a ∝ u. But the latter is the case, since γ is an unparametrised geodesic, so I ∧ Σ = 0. Conversely, suppose that the scale tractor I satisfies I ∧ Σ = 0. Then in the scale σ, I ∧ Σ again takes the form of the above display. Since the tractor projectors are linearly independent pointwise, I ∧ Σ = 0 implies that a ∝ u, which in turn implies that a b ∝ u b in the scale σ. Hence γ is an unparametrised geodesic for the metric g. This definition encompasses conformally compact structures, the open dense set being the interior, uncompactified manifold, and σ −2 g recovers the original metric. But similar comments apply to suitable conformal type compactifications of metrics in any signature and also the case where the scalar curvature is zero [7] . And it is also interesting to consider closed manifolds with such a almost pseudo-Riemannian structure [16, 7] . For any such geometry there is a natural extension of the (unparametrised) geodesic equation to any points where the metric is singular, as follows. (M, c, σ) be an almost pseudo-Riemannian manifold. We will say that an unparametrised curve γ in M is a generalised geodesic if
Definition 2. Let
where I := 1 n Dσ and Σ is the 3-tractor defined in Section 4. Observe that the equation (17) is well defined globally on an almost pseudo-Riemannian manifold, and in particular through the zero locus Z(σ) (of the generalised scale σ) where the metric is singular. However in any neighbourhood where σ is non-vanishing the generalised geodesic equation recovers the usual geodesic equation. Thus generalised geodesics extend geodesics to(/through) the metric singularity set. (M, c, σ) be an almost Riemannian manifold. Suppose that γ is a smooth unparametrised curve on M that is a geodesic for g = σ −2 g on M \ Z(σ). Then γ is a generalised geodesic of (M, c, σ).
Proposition 2. Let
Proof. Since γ satisfies the geodesic equation on M \Z(σ). This means that I ∧Σ = 0 on that open and dense set, as seen in Theorem 2. But by smoothness, this is then also true on the closure M, and hence I ∧ Σ = 0 everywhere, and γ is a generalised geodesic.
Specialising to conformally compact manifolds we have the following result. It turns out that the generalised geodesics which extend smoothly to the boundary cannot do so arbitrarily. In fact, they may only meet the boundary in a very controlled way (that generalises the well known special case of compactified hyperbolic space).
Proposition 3. On a conformally compact manifold, any generalised geodesic which extends to the boundary meets the boundary orthogonally.
Proof. Since ∂ M = Z(σ), at the boundary,
and ∇σ is non-vanishing at all boundary points. Thus
Thus I ∧ Σ = 0 implies that u ∝ ∇σ. But ∇σ is a conormal to the boundary, and therefore u is orthogonal to the boundary as well.
(Poincaré-)Einstein structures
We have already noted that a solution to (4) determines an Einstein metric almosteverywhere. Hence following e.g. [15] , we make the following definition. Definition 3. We say that (M, c, σ) is an Almost-Einstein structure if σ is a nontrivial solution to (4) .
In this case the scale tractor I is parallel, and thus nowhere zero. Thus the structure is almost pseudo-Riemannian and σ is non-vanishing on an open, dense set. On the set where σ is non-zero the metric defined by g := σ −2 g is Einstein. Proposition 1 now gives the following result. Proof. One direction is exactly Corollary 1. For the converse, we must show that if every geodesic of the manifold is a conformal circle, then the metric g = σ −2 g on M\Z(σ) is Einstein. Note that for any p ∈ M\Z(σ) and any u a ∈ E a [−1], there is an unparametrised geodesic passing through p with velocity u a . The statement we wish to prove now essentially reduces to a question of linear algebra. Fix an orthonormal basis {e 1 , . . . e n } for T p M[−1], by which we mean g(e i , e i ) = ±1 for all i according to the signature of the metric. Recalling corollary 1, each geodesic is an unparametrised conformal circle only if u a P a b ∝ u b . Where P a b is the Schouten tensor of the metric g. Working in the above basis, we see immediately that, P(e i , e j ) = 0 when i j, and hence when written as a matrix, P = diag{λ 1 , λ 2 , . . . , λ n }. But u a P a b ∝ u b for all u ∈ T p M[−1]. By taking u = e i + αe j , for α ∈ R as i, j range over 1, 2, . . . , n, we conclude that λ i = λ j for all i, j. Hence P = λ Id (where P is the matrix of P i j in this basis) and the proposition follows.
This theorem suggests one way to approach the study and construction of conserved quantities on Einstein manifolds. Namely, one may view the (generalised-)geodesics of an (Poincaré-)Einstein manifold as conformal circles that in addition satisfy I ∧ Σ = 0. Then, using the theory from [19] , conformal BGG equations become available as a source of "symmetries" to construct first integrals. We will touch on this idea in the following section.
Conserved quantities
One of the main applications of a tractor characterisation of distinguished curves is the development of a general theory of first integrals for such curves. We review a general method for producing conserved quantities for conformal circles, and refer the reader to [19] for a more detailed treatment. Suppose γ is a distinguished curve.
where by S k Σ we mean Σ ⊙ Σ ⊙ · · · ⊙ Σ, with Σ repeated k times. Then since S will only involve Σ and possibly the tractor metric, one has u a ∇ a S = 0.
Suppose moreover that T is a section of the dual bundle V * . Then, if u a ∇ a T = 0, we will have u a ∇ a S, T = 0, where ·, · denotes the dual pairing between sections of V and V * . Asking for such sections T that are parallel is restrictive, but far from fatally. Solutions to so-called BGG equations are in bijective correspondence with sections of tractor bundles which are parallel for a modified tractor connection -the prolongation connection of [23] . In the case that a solution is a normal solution [4, 5] , this modified connection agrees with the standard tractor connection. Thus if T arises as the section of some tractor bundle corresponding to a normal solution to a BGG equation, we will have u a ∇ a T = 0 as desired. For some BGG equations all solutions are normal. On conformally flat manifolds all solutions are normal. Most known superintegrable geometries are conformally flat. Then in fact the examples in [19] show that surprisingly the first integrals found do not actually require normality. We treat such an example here.
An example in the Poincaré-Einstein case
We have already seen that on a (Poincaré-)Einstein manifold any generalised geodesic is a conformal circle, that satisfies in addition I ∧ Σ = 0. As a consequence of Theorem 3, we see that conformal geometry machinery may be used to proliferate first integrals of the generalised geodesics on (Poincaré-)Einstein manifolds. (Or more more generally almost-Einstein manifolds. For simplicity here we simply discuss the Poincaré-Einstein case.) Proposition 4. Let (M, c, σ) be a (Poincaré-)Einstein manifold. The first integrals of generalised geodesics of M are also first integrals of conformal geodesics, and may therefore be produced using solutions to BGG equations, c.f. Theorem 6.3 of [19] .
Recall the conformal Killing form equation:
where tf means the metric trace-free part of the given tensor. Normal solutions to this equation are in bijective correspondence with sections of Λ 3 T * that are parallel for the usual tractor connection [18] . In this particular case, it turns out that the normality assumption is not even required.
Theorem 4. Let (M, c, σ) be a Poincaré-Einstein manifold. Suppose that γ is a generalised geodesic, and form Σ ABC according to (14) . Finally, suppose that k ab ∈ Γ(E [bc] [3] ) is a conformal Killing-Yano 2-form of the conformal manifold (M, c), i.e. k ab satisfies
Write Γ(Λ 3 T * ) ∋ K ABC := L(k) where the BGG splitting operator L : E [bc] [3] → E [ABC] maps a conformal Killing 2-form invariantly to its corresponding 3-tractor [5, 23] . Then expression Σ ABC K ABC equivalently, u a a b k ab ∓ 1 n − 1 u a ∇ p k pa , is a first integral of the generalised geodesic γ, where u a denotes its weighted velocity, with u a u a = ±1, depending on whether the curve γ is spacelike or timelike respectively.
Proof. According to Corollary 1, any generalised geodesic of the (Poincaré-)Einstein manifold is in fact a conformal circle for the underlying conformal manifold. Thus the curve γ is also a conformal circle. Having established this, the result follows at once from Theorem 6.8 of [19] .
Note that on the interior of the manifold we may work in the scaleg = σ −2 g whence the first integral simplifies to u a ∇ p k pa .
